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Abstract. Let n, k be the positive integers (k > 1), and let S n , q (k) be the sums of the 
n-th powers of positive ^-integers up to k — 1: S n} q(k) = ~^2^q q l l n . Following an idea 
due to J. Bernoulli, we explore a formula for S n ,q(k). 



1. Introduction 

In the early of 17th century Faulhaber [3, 6, 11] computed the sums of powers 
l m + 2 m + • • • + n m up to m = 17 and realized that for odd m, it is not just a 
polynomial in n but a polynomial in the triangular number iV = n{n + l)/2. A good 
account of Faulhaber's work was given by Knuth [3, 6, 11]. In 1713, J. Bernoulli first 
discovered the method which one can produce those formulae for the sum ^ILi ^ f° r 
any natural numbers k, cf. [1, 2, 4, 5, 13]. Let q be an indeterminate which can 
be considered in complex number field, and for any integer k define the g-integer as 

k i 

[k\ q = cf. [2, 7, 8, 9, 10 ]. Note that lim 9 ^i[fc] 9 = k. Recently, many authors 

are studying the problems of (/-analogues of sums of powers of consecutive integers [3, 
4, 5, 6, 7, 8, 11, 12, 13, 14 ]. In this paper we consider the (/-analogues of the sums of 
powers of consecutive integers due to J. Bernoulli . For any positive integers n, k(> 1), 
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2 SUMS OF POWERS OF CONSECUTIVE ^-INTEGERS 

let S n ^ q (k) = J2^=q q l l n - Following an idea due to J. Bernoulli, we explore a formula 
for S nj q(k) as follows: 

1^^ D Ll-i , (1-^)^,(0) 



q~ k Si-iM + (q- k logq)S ltq (k) = - £ (jW*'"* + 

i=o ^ ' 

where B^ q are the (/-analogue of Bernoulli numbers. 

2. q- ANALOGUE OF THE SUMS OF THE n-TH 
POWERS OF POSITIVE INTEGERS UP TO k — 1 

Let j be the positive integers. Then we easily see that 

(1) qi + \j + 1) - qij = (q- l)q^j + q^ 1 . 
From Eq.(l), we note that 

fc-i 

(2) (g + = 

3=0 

Thus, we have the following: 

(3) Sl „ W = g^=£^k. 



/ 



q 



Note that k(k 2 1} = lim^i q k q q \ k]q = S^k). By the same method of Eq.(l), we easily 
see that 



(4) q^\j + l) 2 - qJf = (q- l)qi j 2 + 2q^ +1 j + q^ 1 . 
Thus, we obtain 

(5) So (k)~ vW- qke 2 . y k ~ q[k]q q[k]q 

(5) S 2 , q {k)-^qj -q-l~ 2q {q-iy q - 1 

From the simple calculation, we note that 

q j+1 {j + I) 3 - q J f = {q~ l)q J f + 3qq J f + 3qq J 3 + q j+ \ 
q h k 3 = (q- l)S 3 , q (k) + 3qS 2 , q (k) + SqS hq (k) + q[k] q . 
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Thus, we see that 

( 7 ) S 3,q( k ) = —[ ~ ~—[ S2 ^ k ) ~ ^~[ Sl ^ k > ~ ^~T- 

Let n, k be the positive integers (k > 1) and let S njq (k) = J2^q q l l n . Then we have 
q l+1 (l + l) n - l n+1 q l = q l+1 £ ( U + 1 V + (q - l)l n+1 q l . 

Summing over I from to k — 1, the left-hand side becomes q k k n+1 , but the right-hand 
side is a linear combination of Si tq (k) as follows: 

(8) q k k n+1 = q(n + l)S n , q (k) + q ]T ( " + ^ + ( 9 - 1)^+1,^). 
Thus, we obtain the following : 

Theorem A. Let n, k(> 1) be the positive integers. Then we have 

(9) jw*) = - ( t )*..« + 



Remark. Note that 



7 J5 i (fc) = 5 n (fc), cf. [13]. 



3. A FORMULA FOR S njq (k) 

In this section, we assume q E C with |g| < 1. Now, we consider the (/-Bernoulli 
polynomials as follows: 

no) ^=f;w')3»H. 



4 SUMS OF POWERS OF CONSECUTIVE ^-INTEGERS 

In the case x = 0, B n ^ q {= B Ujq (0)) will be called the (/-Bernoulli numbers, see [8, 9]. 
Let F q (t, x) = 1 ^ 2 ±V*. Then we see that 

oo 

(11) F q (t, x) = -(t + logq) e (n+x)t q n , t G C with \t\ < 2n, cf.[8, 9, 10 ]. 



n=0 



In [8], it was known that 



(12) B n , q (x) = E [.jBj^-i = m n ~ x E ? «B B>gfB (£±l), for n > 0. 

j=0 ^ ' i=0 m 

By (10) and (11), we easily see that the (/-Bernoulli numbers can be rewritten as 

B , q = f— ^, q(B q + l) k - B Kq = for k > 1, 
log(/ 

where <5fc ; i is Kronecker symbol and we use the usual convention about replacing B q 
by Bi q , cf. [8, 9, 10]. From the simple calculation, we note that 

(13) ' 

oo oo oo fc — 1 i oo k— 1 4-1 — 1 

_ £ e <» + *) v + y e ^- k = E(<r fc E ^ n )^ = B«~* z E V) V- 

n=0 n=0 Z=0 n=0 ' 1=1 n=0 

Thus, we have 
(14) 

oo 1 1 oo oo 

J2( B l,«(k) ~ q- h B k , q (0))- = -(t + logq) E e<"+*V + (t + logq) E e n V _ * 

1=0 ' n=0 n=0 

t l 



= E {q-HS^k) + (q- k logq)S Lq (k)) -. 
i=o L - 

By comparing the coefficient on both side in Eq.(14), we obtain the following: 

Theorem B. Let /, k be positive integers ( k > 1). Then we see that 

q-s^uk) + fo-*iog,)su*) = *■■«(*> -j- tj w°> . 

Remark. Note that 

(fc) = lim {q-'S^Jk) + (q- k )ogq)S ltq (k)) = B ^ ~ cf . [13]j 

where Bi(k) are called ordinary Bernoulli polynomials. 
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